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Abstract
In the field of Fluid Mechanics, the determination of various ther-
modynamic properties of substances is of utmost importance. Many
calculations require values for internal energy or specific heats. If
experimental data does not exist to facilitate these calculations, an
approximation must be made. This report analyzes three different
approximation approaches to examine their relative strengths and
weaknesses. The first approach, the Exact Method, uses NASA ther-
modynamic data to give a numerical interpolation. The second, the
Summation Method, breaks up the total energy of the species into
different contributions and performs an approximation based on ther-
modynamic theory. Finally, the Spectroscopic Method utilizes spec-
troscopic data for the species to give another theoretical model of
energy contributions.
These three methods were analyzed by creating a computer pro-
gram and conducting analyses on various gaseous species. The Exact
Method, while giving the most accurate results, is limited in scope and
not based on theory. The Summation Method is the simplest theory-
based approach, but it is also the least accurate of the three. Although
the Spectroscopic Method was the most accurate of the theory-based
methods, the level of difficulty of the equations used and the large
amount of data required created issues. All three methods matched
well at low temperatures, but the theory-based procedures showed
problems at higher temperatures, often varying by significant mar-
gins.
1 Introduction
The field of Fluid Mechanics deals heavily with understanding the behavior
of important thermodynamic quantities of various gases and liquids. Such
important quantities include the specific heats of the fluids and the internal
energy of the fluid at a given state. While these quantities are understood
at a certain level, obtaining actual values for them under specific conditions
can be quite a challenge. Without experimental data, it is very difficult to
obtain accurate values for specific heats and energies of gases, and while a
handful of methods exist to approximate these quantities, the results they
yield often contain a sizable amount of error.
This study seeks to analyze the various methods available to researchers
for approximating these thermodynamic quantities for several gaseous species
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under specific conditions. There are three methods considered within the
scope of this research. The first, which will be referred to as the ”exact”
method, utilizes a seventh-order polynomial generated by NASA from ex-
perimental data to approximate the specific heat of a gas as a function of
temperature. The second method, called the ”summation” method, pro-
duces a quick approximation that accounts for disparate contributions toward
the species’ internal energies at a given temperature. The ”spectroscopic”
method, which is the third method discussed in this report, uses spectro-
scopic data from the species to give a more accurate approximation of its
internal energy at a specific temperature.
Several tasks were identified to comprise this research. First, the three
approximations listed above were examined to better understand their po-
tential benefits and drawbacks. Much of the knowledge garnered from this
investigation is included in the course of this report. Second, a computer
program was created using the Fortran 95 programming language in order
to run numerical simulations on various gaseous species. Finally, the pro-
gram was used to run a number of simulations, and the data from each was
collected to examine the validity of each.
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2 Nomenclature
Symbol Description Value or Units
Be Rotational constant cm
−1
c Speed of light in a vacuum 299,792,458 m/s
cp Specific heat at constant pressure kJ/kg·K
cv Specific heat at constant volume kJ/kg·K
De Constant of centrifugal distortion unitless
e Internal energy of species kJ/kg
gi
Quantum weight (degeneracy)
unitless
of electronic level i
h Planck’s constant 6.62606957× 10−34 J·s
hk Equation constant unitless
J
Quantum number of
unitless
total angular moment
kB Boltzmann constant 1.3806488× 10−23 J/K
L
Quantum number of
unitless
total orbital moment
M Species molar mass kg/mol
R Species gas constant kJ/kg·K
RU Universal gas constant
8.3144621× 10−3
kJ/mol·K
S
Quantum number of
unitless
total spin moment
T Temperature K
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Symbol Description Value or Units
αe
First-order rotation-vibration
cm−1
interaction constant
αk Equation constant unitless
βk Equation constant unitless
εi ith electronic energy level of species cm
−1
ν Species characteristic frequency Hz
θel,i Electronic temperature of state i K
θvib Vibrational temperature of species K
ωe Vibrational fundamental amplitude cm
−1
ωexe Vibrational anharmonicity constant cm
−1
3 Numerical Methods
Three main mathematical methods were used in this research to approximate
the energies of gaseous species: the exact method, the summation method,
and the spectroscopic method. All three had differing levels of simplicity
and precision, and all can reasonably be used to approximate the desired
quantities within a certain range. The following sections discuss each of
these methods in detail and provide some benefits and limitations of each.
In each case listed below, there are certain important relationships which
hold in all cases. The following are useful or necessary in order to perform
many of the simpler calculations used in the course of this research.
R =
RU
M
(1)
where R is the gas constant of the species being considered (in kJ/kg·K), RU
is the universal gas constant (8.314 × 10−3 kJ/mol·K), and M is the molar
mass of the species (in kg/mol). Also,
R = cp − cv (2)
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where cp is the specific heat at constant pressure of the species and cv is the
specific heat at constant volume of the species (both in kJ/kg·K). Finally,
specific heat is related to internal energy of the species by the following:
de
dT
= cv (3)
where e is the internal energy (in kJ/kg) and T is the temperature of the sub-
stance (in K). These three equations are foundational for using the methods
described in the next three sections.
3.1 The Exact Method
The exact method is not based on thermodynamic theory or conceptual mod-
els. It is a mathematical interpolation derived from experimental data which
is warehoused and maintained by NASA. A seventh-order polynomial relat-
ing the specific heats to the temperature of the gas was then fit to this data
as well as possible. The data, as well as the values used in the seventh-order
approximation, is open to the public and can be found at NASA’s website.[1]
A typical best-fit equation would look something like the following:
cp(T )
R
= a1T
−2 + a2T
−1 + a3 + a4T + a5T
2 + a6T
3 + a7T
4, (4)
where cp is the specific heat of the gas (in J/kg·K), T is the temperature
of the gas (in K) and a1, . . . , a7 are coefficients defined by NASA.[4] In or-
der to generate values for energies at these temperatures, the seventh order
polynomial needs to be converted to cv values (by subtracting R) and then
integrated with respect to T . To account for the constant of integration,
this integral is compared to a reference value, typically a known enthalpy
at 298.15 K. For reference species (such as N2 for nitrogen and O2 for oxy-
gen), this reference enthalpy is zero; for other species it is the enthalpy of
formation.
This approximation method is theoretically the most precise of the three
discussed here, however, it does have some major limitations. Since it is
a mathematical interpolation, the approximations are only stated as being
accurate within very specific temperature ranges. For many species of gas,
this range is between 200 and 20,000 K, but for certain species the upper
limit is only 6,000 K. If one wishes to examine gases at temperatures beyond
this range, one of the other methods must be used unless more experimental
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data can be generated to allow for a new approximation. Also, this method
depends on the accuracy of the data with which the seventh-order best-fit
equation is created. Should the experimental data somehow be flawed, there
is no ”sanity check” or other numerical method by which this data can be
validated.
The computer program generated in the course of this research used the
seventh-order best-fit equation to generate its results for the specific heats
and internal energies. Since the NASA website also generated its own results
for cp, the values generated by the program could be compared to the NASA
data directly to give an idea of accuracy. The accuracy of the exact method
is discussed later in this report.
3.2 The Summation Method
The summation method is based on a theoretical model of the behavior of
thermodynamic properties of gaseous species. It uses different equations to
approximate the contribution to the gas’ internal energy from various sources
and then sums up these contributions to give a total energy value.
In order to obtain the correct values for this method, it is important to un-
derstand what type of species is being considered in the approximation. This
is because species which contain two or more atoms have more contributions
to their internal energies than monatomic species. Therefore, this section
has been broken up to better delineate among the necessary equations.
The major benefit of the summation method is its relative simplicity. The
entire model can be implemented with a computer program in very few lines
of code. Also, very little information about the gaseous species is needed to
formulate this approximation. The only values taken into consideration are
the gas constant for the species, minor information about different electronic
excitation levels, and the characteristic vibrational frequencies of the species
(for species containing more than one atom). Furthermore, by separating the
components of the specific heat, this method gives a better understanding
of energy contributions in the species. The downside to using this approx-
imation method is that it is usually the least accurate method of the three
discussed in this report. This is especially true at higher temperatures, where
intramolecular contributions to the energy are more pronounced. The overall
accuracy of this method will be dealt with later in this report.
In all cases, the basic format of the summation method uses the following
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equation.
etot = etrans + erot + evib + eel, (5)
where etot represents the total internal energy of the gas (in J/kg), etrans
represents the contribution to the energy from translational motion, erot rep-
resents the rotational motion component of internal energy, evib represents
the vibrational contribution, and eel represents the electronic energy contri-
bution. The same is true of specific heats.
cv,tot = cv,trans + cv,rot + cv,vib + cv,el, (6)
where each cv value (in J/kg·K) represents the same contribution as the
corresponding e value in (5) above.
3.2.1 Monatomic Species
For a monatomic species, the summation method is fairly straight forward.
Two of the components of the internal energy, erot and evib only come into
play when there are multiple atoms. Therefore, they have no contribution to
the overall energy of a monatomic species.
erot = evib = 0
This is also true for specific heats.
cv,rot = cv,vib = 0
From the mathematical model developed by Vincenti and Kruger,[7] the
translational energy of a monatomic gas is simply found to be:
etrans =
3
2
RT (7)
And for specific heats:
cv,trans =
3
2
R (8)
From Scalabrin’s work, the following equations are valid approximations
for eel and cv,el:
eel = R
∑∞
i=1 giθel,i exp (−θel,i/T )∑∞
i=0 gi exp (−θel,i/T )
(9)
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cv,el = R
(∑∞
i=1 gi(θel,i/T )
2 exp (−θel,i/T )∑∞
i=0 gi exp (−θel,i/T )
− [
∑∞
i=1 giθel,i exp (−θel,i/T )] [
∑∞
i=1 gi(θel,i/T
2) exp (−θel,i/T )]
[
∑∞
i=0 gi exp (−θel,i/T )]
2
)
(10)
In the above equations, gi represents the quantum weight (or degeneracy)
of the ith electronic state for the species, and θel,i represents the electronic
temperature of the molecule (in K) of this state.[6] The values for eel and
cv,el are then summed for all the relevant electronic states for the species
in question. The value of θel,i can be calculated using the electronic energy
levels of the species and the following equation.
θel,i =
hcεi
kB
, (11)
where h is Planck’s constant (6.626 × 10−34 J·s), c represents the speed of
light (3.00× 1010 cm/s), εi is the ith electronic energy level of the species (in
cm−1), and kB represents the Boltzmann constant (1.439× 10−23 J/K). For
the purposes of this research, however, the values used for θel and gi were
those documented by Scalibrin in his research.[6]
These equations account for all components of the summation method
for monatomic gases.
3.2.2 Other Species
Diatomic species and other gaseous species comprised of more than one atom
have more contributions to their energies than do monatomic species. For the
contributions from translational motion and electronic energy, the energies
and specific heats for these species have the same values as their counterparts
in the monatomic gases. Therefore, equations (19) through (10) still hold.
etrans =
3
2
RT
cv,trans =
3
2
R
eel = R
∑∞
i=1 giθel,i exp (−θel,i/T )∑∞
i=0 gi exp (−θel,i/T )
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cv,el = R
(∑∞
i=1 gi(θel,i/T )
2 exp (−θel,i/T )∑∞
i=0 gi exp (−θel,i/T )
− [
∑∞
i=1 giθel,i exp (−θel,i/T )] [
∑∞
i=1 gi(θel,i/T
2) exp (−θel,i/T )]
[
∑∞
i=0 gi exp (−θel,i/T )]
2
)
Vincenti and Kruger have shown that for these species, the rotational
motion contributions to the energy and specific heat are very simple.[7]
erot = RT (12)
cv,rot = R (13)
In order to calculate the vibrational energy, more information about the
species is needed. Scalabrin’s research shows that an approximation for this
value is:
evib = R
(
θvib
exp (θvib/T )− 1
)
(14)
And for specific heats:
cv,vib = R
(
(θvib/T )
2 exp (θvib/T )
[exp (θvib/T )− 1]2
)
(15)
If the species has more than one vibrational state (i.e., it contains more
than two atoms), this energy contribution must be summed up for all vi-
brational states. Much like θel,i above, Scalabrin’s data was used to give
the values of θvib for this project.[6] Nevertheless, given sufficient data, the
following equation can be used to calculate θvib:
θvib =
hν
kB
, (16)
where h is Planck’s constant, kB is the Boltzmann constant, and ν is the
characteristic frequency of the species (in Hz).[5]
Using the proper equations with (5) and (6) should yield reasonable val-
ues for the approximation of these thermodynamic properties of the gaseous
species in question.
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3.3 The Spectroscopic Method
The spectroscopic method is derived from theory related to electron exci-
tation levels of the species. Much of this work was done by Gurvich et
al. and can be found in the book Thermodynamic Properties of Individual
Substances.[3] This model uses two different equations to approximate the
external and internal contributions to the gas’ energy. Each of these equa-
tions uses spectroscopic data from the species to determine the intramolecular
energy of the species at t given temperature.
This method is more accurate than the summation method. The spectro-
scopic method takes into account the contributions of the electronic energy of
the gas fairly precisely, even at higher temperatures. Despite this increased
precision, however, the spectroscopic method requires much more statistical
data about the gaseous species, specifically regarding the electronic excita-
tion levels of the gas. Also, the calculation methods are much more involved
and require a higher understanding of both mathematics and chemistry.
The basic equation used in this method is comprised of two main com-
ponents.
ei = ei,trans + ei,int, (17)
where ei is the total energy of the electronic energy level, ei,trans represents
the energy from translational motion, and ei,int is the intramolecular contri-
bution to the total energy of the species. All values are in J/kg. The same
relationship holds for specific heat.
cp,i = cp,i,trans + cp,i,int (18)
Much like with the summation method, the spectroscopic method varies
based on the species type. For all species, however, the translational compo-
nent is the same as for the summation method above.[3]
etrans
R
= 2.5T (19)
cp,trans
R
= 2.5 (20)
The terms for eint and cp,int vary depending on the number of atoms in
the gaseous species.
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3.3.1 Monatomic Species
In the case of monatomic species, the expression for the intramolecular con-
tribution is fairly straight-forward, but it is very obvious from the outset that
this method is much more involved than the summation method.
cp,int
R
=
[
Qel
Qel
−
(
Qel
Qel
)2]
(21)
For the above equations, the following relationships are needed.
Qel =
imax∑
i=0
gi exp
(
− hc
kBT
εi
)
(22)
Qel =
imax∑
i=0
gi
(
hc
kBT
εi
)
exp
(
− hc
kBT
εi
)
(23)
Qel =
imax∑
i=0
gi
(
hc
kBT
εi
)2
exp
(
− hc
kBT
εi
)
(24)
In the above equations, as with the summation method, h represents
Planck’s constant, c represents the speed of light in a vacuum, kB represents
the Boltzmann constant, T is the temperature of the gas, and εi is the elec-
tronic excitation level of the gas. The term gi is known as the degeneracy, and
it is used to represent the probability of a given electronic state occurring.
It is defined by the following relationship.[3]
gi = (2S + 1)(2L− 1) = 2J + 1, (25)
where S represents the quantum number of the total spin moment, L is the
quantum number of the total orbital moment, and J is the quantum number
of the total angular moment. J can be defined by the relationship:
J = |L+ S|, |L+ S − 1|, . . . , |L− S| (26)
These equations can be used to give the intramolecular contributions to
the energy of a monatomic gas for the spectroscopic method.[3]
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3.3.2 Other Species
For species containing more than one atom, the intramolecular contributions
are more pronounced and more difficult to calculate. In the case of the
specific heat, the relationship is as follows.
cp,int
R
=
[
Qint
Qint
−
(
Qint
Qint
)2]
(27)
Each of these values needs to be summed over the quantum angular
moments, J , the vibrational levels, ν, and the electronic states, i, for the
species.[3]
At the highest level, summing over the i important electronic states:
Qint =
imax∑
i=X
Q
(i)
vib,rot exp
(
− hc
kBT
∆Ei
)
(28)
Qint =
imax∑
i=X
Q
(i)
vib,rot exp
(
− hc
kBT
∆Ei
)
+
imax∑
i=X
Q
(i)
vib,rot
(
hc
kBT
∆Ei
)
exp
(
− hc
kBT
∆Ei
)
(29)
Qint =
imax∑
i=X
Q
(i)
vib,rot exp
(
− hc
kBT
∆Ei
)
+ 2
imax∑
i=X
Q
(i)
vib,rot
(
hc
kBT
∆Ei
)
exp
(
− hc
kBT
∆Ei
)
+
imax∑
i=X
Q
(i)
vib,rot
(
hc
kBT
∆Ei
)2
exp
(
− hc
kBT
∆Ei
)
(30)
The Qvib,rot terms in the expressions above are found by the following
summations done over ν, the vibrational levels of the species:
Q
(i)
vib,rot =
ν
(i)
max∑
ν=0
Q
(i)
rot,ν exp
[
− hc
kBT
G(i)(ν)
]
(31)
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Q
(i)
vib,rot =
ν
(i)
max∑
ν=0
Q
(i)
rot,ν exp
[
− hc
kBT
G(i)(ν)
]
+
ν
(i)
max∑
ν=0
Q
(i)
rot,ν
[
hc
kBT
G(i)(ν)
]
exp
[
− hc
kBT
G(i)(ν)
]
(32)
Q
(i)
vib,rot =
ν
(i)
max∑
ν=0
Q
(i)
rot,ν exp
[
− hc
kBT
G(i)(ν)
]
+ 2
ν
(i)
max∑
ν=0
Q
(i)
rot,ν
[
hc
kBT
G(i)(ν)
]
exp
[
− hc
kBT
G(i)(ν)
]
+
ν
(i)
max∑
ν=0
Q
(i)
rot,ν
[
hc
kBT
G(i)(ν)
]2
exp
[
− hc
kBT
G(i)(ν)
]
(33)
Finally, summing over J from Jmin to Jmax,ν for the rotational levels of
the ν-th vibrational level of the ith electronic state:
Q
(i)
rot,ν =
J
(i)
max,ν∑
J
(i)
min
(2J + 1)c(i) exp
[
− hc
kBT
F (i)ν (J)
]
(34)
Q
(i)
rot,ν =
J
(i)
max,ν∑
J
(i)
min
(2J + 1)c(i)
[
hc
kBT
F (i)ν (J)
]
exp
[
− hc
kBT
F (i)ν (J)
]
(35)
Q
(i)
rot,ν =
J
(i)
max,ν∑
J
(i)
min
(2J + 1)c(i)
[
hc
kBT
F (i)ν (J)
]2
exp
[
− hc
kBT
F (i)ν (J)
]
(36)
There are several terms which need to be accounted for in equations (28)
through (36). First, the values for Planck’s constant (h), the speed of light
in a vacuum (c), the Boltzmann constant (kB), and the temperature (T ) all
carry the same values they had in previous sections. J also has the same
values as in equations (??) and (26) above.[3]
The value of ∆Ei can be found by comparing the energies of the electronic
state with the energy of the ground state.
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∆Ei = (εi − ε0)/hc (37)
Next, the value of G(i)(ν) is defined by the following for a given electronic
state i.
G(ν) = ωe
(
ν +
1
2
)
− ωexe
(
ν +
1
2
)2
+ ωeye
(
ν +
1
2
)3
− · · · (38)
Finally, in equations (34) through (36), for a given electronic state i and
vibrational level ν, the follwing equations define F
(i)
ν (J).
Fν(J) = BνJ(J+1)−DνJ2(J+1)2+HνJ3(J+1)3−LνJ4(J+1)4+ · · · (39)
Bν = Be − α1
(
ν +
1
2
)
+ α2
(
ν +
1
2
)2
− α3
(
ν +
1
2
)3
+ · · · (40)
Dν = De − β1
(
ν +
1
2
)
+ β2
(
ν +
1
2
)2
− · · · (41)
Hν = He − h1
(
ν +
1
2
)
+ · · · (42)
Be =
h
8π2cµr2e
(43)
In equations (39) through (42), Be is the rotation constant of the molecule,
De is the constant of centrifugal distortion, and αk, βk, and hk are equation
constants.
Depending on the range of temperatures considered for these calculations,
different electronic states need to be taken into account. For calculations up
to 6,000 K, valence states with εi less than or equal to 45,000 cm
−1 should
be considered. When calculations up to 20,000 K are being performed, one
must consider valence states with εi less than or equal to 80,000 cm
−1.[3]
A more straight-forward approximation of the spectroscopic method can
be used if conditions permit, but this approximation can be much less ac-
curate than the regular spectroscopic method. For this approximation, the
following relation can be used to determine cp,int.[3]
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cp,int
R
=
cp,vib,rot
R
= 1 +
u2e−u
(1− e−u)2
+
16γ
u
− δu
2eu
(eu − 1)2
+
u2eu (2δeu − 4Xu− 8X)
(eu − 1)3
+
12Xu3e2u
(eu − 1)4
(44)
There are a few quantities in the above equation which still need to be
defined.
u =
(
hc
kBT
)
(ωe − 2ωexe) (45)
X =
ωexe
ωe
(46)
δ =
αe
Be
(47)
γ =
Be
ωe
, (48)
where ωe is the vibrational fundamental amplitude, ωexe is the vibrational
anharmonicity constant, αe is the first-order rotation-vibration interaction
constant, and Be is the rotational constant. All values are taken at a given
electronic excitation level (the ground state, in the case of the approxima-
tion), and have units of cm−1.[2]
Due to its relative simplicity, this approximation was the method used in
the scope of this research, and it is referred to as the ”spectroscopic method”
in the generated data. When applied correctly, this approximation is es-
sentially the same as using the summation method, with the exception of
having a slight correction factor for anharmonic oscillations.[2] In fact, be-
cause monatomic species do not have energy contributions from
vibration, this method will give the same value as the summation
method for those species. At lower temperatures (typically less than
10,000 K), this approximation gives better results for calculating cp than
the basic summation method, but at higher temperatures the anharmonic
corrections can actually cause the output to have a higher error, because
this correction always adds to the value, and specific heats will often drop
at higher temperatures. For more on this, see the analysis later on in this
report.
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Depending on the type of gaseous species in question and the conditions
under which the thermodynamic properties are being examined, the proper
use of these equations or approximations should yield reasonable values.
4 Analysis of Methods
After formulating the three approximation methods, the next step is to an-
alyze them to assess their accuracy. First, a computer program is written.
This program uses all three methods in order to generate three values for the
energy and specific heats of the gaseous species at a given temperature or a
range of temperatures. By examining the calculated values over the range of
temperatures, each method can be examined for its accuracy.
4.1 The Exact Method
To test how well the program’s calculations for the exact method specific
heat matched the actual specific heat values from NASA, a simulation is run
with diatomic nitrogen (N2). The readout of the program’s results is then
compared to the actual values as shown on NASA’s website. The program’s
values are subtracted from the NASA values, and then the absolute value
of the residual is divided by the NASA value to give a percent error value.
A table showing the percent error of this calculation as a function of gas
temperature is shown below.
Figure 1 shows that the maximum percent error for the entire range of
temperatures was only 0.1869% (for N2). This indicates that the computer
program with the best-fit polynomial conforms very well to the NASA tab-
ulated data.
Based on this, the program’s output for the exact method was considered
to be the actual experimental value at for each temperature, and the other
two methods were compared directly to the program exact method output
to assess their accuracy and validity.
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Figure 1: Percent error of program exact method calculation of specific heat
(cp) for species N2
4.2 The Summation Method
Having an established baseline, the summation method could now be exam-
ined. A simulation was run using the computer program, calculating the
specific heat of diatomic nitrogen (N2) for a range of 200 to 20,000 K and
the results were plotted. The program calculated the specific heat using the
exact and summation methods. The resulting plot is shown below.
It can easily be seen from this plot that the specific heat value is fairly
close to the exact value at lower temperatures, but it contains a significant
amount of error at higher temperatures. In order to better show the com-
parison at lower temperatures, this plot has been magnified to show only the
values up to 10,000 K.
The residual of the specific heat was also calculated for each temperature
in the range.
Using these values, a percent error was also generated for the specific heat
at each temperature and plotted.
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Figure 3: Plot of exact and summation cp for species N2 from 200 K to 10,000
K
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Figure 4: Residual of summation cp for species N2
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Figure 5: Percent error of summation cp for species N2
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Figures 2 through 5 reveal quite a lot about the nature of the summation
method approximation for specific heats. At low temperatures, especially up
to 6000 K, the summation method follows the experimental data very well,
with its error never rising above 3.1% of the experimental value. Very soon
after that, however, the percent error rises dramatically, reaching 18.5% at
about 12,000 K. At about 16,000 K, the experimental cp begins to decline.
The summation method, however continues to rise in this region. The percent
error briefly drops to zero at around 17,000 K, but after that it steadily rises,
and hits 20% before the temperature rises above 20,000 K.
This supports the claim that the summation method is sufficient at low
temperatures but becomes problematic at temperatures above 10,000 K.
20
4.3 The Spectroscopic Method
Much the same process was used to analyze the spectroscopic method as im-
plemented in this research. The simulation was run with the computer pro-
gram to determine the specific heat values at a wide range of temperatures,
and the residual and percent error values for each value were determined. The
following plots show these values. The values from the summation method
are also plotted to provide a comparison between it and the spectroscopic
method.
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Figure 6: Plot of cp for species N2, as calculated by the exact method, the
summation method, and the spectroscopic method
From Figs. 6 through 9, it is apparent that for temperatures up to around
16,000 K, the value of cp given by the spectroscopic method is noticeably
closer to the actual value than the summation method. Below 5,000 K, the
error of the spectroscopic method is essentially zero. However, adding in
the corrections for the anharmonic oscillations does nothing to alleviate the
problem of the large error beyond 16,000 K. In fact, because the correction
only adds to the specific heat value, the error for the spectroscopic method
beyond 17,000 K is higher than that of the summation method. This could
represent a significant issue with the approximation used in the course of this
research.
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Figure 7: Plot of exact, summation, and spectroscopic cp for species N2 from
200 K to 10,000 K
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Figure 8: Residual of spectroscopic cp for species N2
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Figure 9: Percent error of spectroscopic cp for species N2
Plots of the specific heat values for other substances can be found in
Appendix A of this report.
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5 Electronic Levels Used in Calculations
For the species considered in this study, perhaps the most important con-
tribution to the overall specific heat is the electronic energy. It occurs in
the equations for both monatomic and higher-order species, and is one of
the only two contributions for the higher-order species which changes with
temperature. Therefore, it is crucial that the correct electronic excitation
levels be used in these approximation methods. Gurvich indicates that for
calculations up to 6,000 K, it is sufficient to include levels with εi less than
or equal to 45,000 cm−1 and for calculations up to 20,000 K, levels with εi
less than or equal to 80,000 cm−1 should be used.[3]
In order to demonstrate the necessity of including an adequate number
of electronic states, the numerical simulation for diatomic nitrogen was done
multiple times. First, only the ground state was considered in the electronic
contribution. After that, levels up to 45,000 cm−1 were considered and then
levels up to 80,000 cm−1. Finally, the simulation was run using all of the
electronic states from the data found in Thermodynamic Properties of Indi-
vidual Substances.[3] This last case is the one which has been used for the
rest of this study, since it should give the maximum accuracy for the spe-
cific heat values. These are the values which were used to generate the plots
in Appendix A of this report. The plots generated by each of the different
electronic state considerations are shown below.
Figures 10 through 13 show that the approximation does indeed become
closer to the experimental values for specific heats for most of the temperature
range. Interestingly, at the temperature range above 17,000 K, the method
which only takes into account states up to 80,000 cm−1 seems to fit the
data better. But in a general sense, this data does show that increasing the
amount of electronic excitation levels taken into consideration will increase
the accuracy of the specific heat approximation.
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Figure 10: Plot of cp for species N2 from program using only the ground
electronic state
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Figure 11: Plot of cp for species N2 from program using eletronic states up
to 45,000 cm−1
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Figure 12: Plot of cp for species N2 from program using eletronic states up
to 80,000 cm−1
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Figure 13: Plot of cp for species N2 from program using all tabulated elec-
tronic states
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6 Energy Calculations
As Equation (3) shows, the specific heat, cv, of a species is the derivative of
its energy with respect to temperature. Many of the approximation methods
used in the course of this study, however, utilized calculations for the specific
heats. These equations need to be integrated by some method in order to
obtain accurate energy values.
In some cases, such as the summation method, these integrals have al-
ready been performed and are available in various forms. Others, like the
exact method’s seventh-order polynomial and the spectroscopic approxima-
tion method used in this report, have to be integrated by hand. While these
are not always necessarily difficult, some complications have arisen in the
course of conducting the integrals. In the case of the exact method, the
integration code has yet to be written into the computer program. The
spectroscopic approximation integrals were obtained, but some of the inte-
grated terms include natural logarithms. Because the arguments of these
natural logarithms are often negative within the range of temperatures used,
a straight-forward integration technique such as this can likely not be used
to perform this integration.
Therefore, some work remains in order to accurately obtain values for the
species internal energies at given temperatures. The code which handles the
integration of the exact method best-fit equation still needs to be written.
Also, the work done on integrating the spectroscopic approximations should
be examined to verify its accuracy. If this work is correct, then an alter-
nate numerical integration approach needs to be sought which can provide
adequate approximation of the energy.
It is worth noting once again that these integrals should be anchored
around a reference enthalpy value, in order for them to give a definite value.
For reference species, this value is zero, and for other species it is their
enthalpy of formation. For both species, this reference value is taken at
298.15 K.
The correct combination of integration methods and reference enthalpy
values should yield meaningful data for the energy of the species.
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7 Conclusions
The three methods discussed in this report, the Exact Method, the Sum-
mation Method, and the Spectroscopic Method, are all very useful in deter-
mining the specific heats and internal energies of various chemical species.
Each takes a very different approach to the approximation, and understand-
ing their formulations helps to give a better awareness of the benefits and
drawbacks of each.
The Exact Method, while being the most accurate approach, requires
much more experimental data than the other two methods. In fact, the
formulation of the Exact method relies solely on the availability of extensive
empirical data. The method itself is nothing more than an interpolation, and
the resulting approximation is only valid within a very limited range. While
the Summation Method is often the least accurate of the three approximation
methods, it is also the simplest and it is actually based on real thermody-
namic theory. It can be completed with relatively little species data, and
can be implemented in a computer code with no trouble. The Spectroscopic
Method is the more accurate of the two thermodynamic theory-based meth-
ods, but its validity is balanced out by its rigorousness. In order to properly
perform this calculation, a high-level understanding of the chemistry and
quantum mechanics is required, and the equations are by no means simple
to comprehend or construct into a computer code.
The data which was borne out by using the computer program in this
study shows that much of this speculation is well-founded. For low tempera-
tures, both the summation method and the spectroscopic method match the
experimental data fairly well. But in higher temperature ranges, the flaws
in the approximations are more pronounced, and while the spectroscopic
method is marginally better than the summation method, both approxima-
tions fail to produce very accurate data at high temperatures.
There still remains some work to be done in this line of research. The
spectroscopic method could be further analyzed to obtain a more robust
computer program which does not rely on the simpler approximation. Also,
further analysis should be conducted to obtain accurate values for the internal
energies of the species. Also, collecting data for more species will yield the
ability to analyze other gases which are not in the scope of this report (see
Appendix A for the species concerned here).
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A Calculated Specific Heats of Various Species
The following plots were generated using the computer program written in
the course of this report. For the scope of this research, the species con-
sidered were mostly atmospheric species (comprised mainly of nitrogen and
oxygen). It should be noted that for monatomic species, the summation and
spectroscopic methods yield the same results, so those values lie on top of
each other in the plots.
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Figure 14: Specific heat values for species Ar (NASA data only available up
to 6,000 K)
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Figure 15: Specific heat values for species N
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Figure 16: Specific heat values for species N+
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Figure 17: Specific heat values for species N2
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Figure 18: Specific heat values for species N+2
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Figure 19: Specific heat values for species O
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Figure 20: Specific heat values for species O+
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Figure 21: Specific heat values for species O2
0.8 
1 
1.2 
1.4 
1.6 
1.8 
2 
0 5000 10000 15000 20000 
Sp
e
ci
fi
c 
H
e
at
 (
kJ
/k
g·
K
) 
Temperature (K) 
Specific Heat (CP) of Gas O2
+ 
Exact Method 
Summation Method 
Spectroscopic Method 
Figure 22: Specific heat values for species O+2
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Figure 23: Specific heat values for species NO
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Figure 24: Specific heat values for species NO+
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